Abstract. In this paper, we study the explicit geography problem of irregular Gorenstein minimal 3-folds of general type. We generalize the classical Noether-Castelnuovo inequalities for irregular surfaces to irregular 3-folds according to the Albanese dimension.
Introduction
We work over an algebraically closed field of characteristic 0. A projective variety X is called irregular, if h 1 (O X ) > 0, i.e., X has a nontrivial Albanese map. Denote by a(X) ⊆ Alb(X) the image of X under its Albanese map. The Albanese dimension dim a(X) can vary from one to dim X. We say X is of Albanese dimension m, if dim a(X) = m. In particular, we say X is of maximal Albanese dimension, if dim a(X) = dim X.
The purpose of this paper is to study the geography problem of irregular varieties.
Let C be a projective curve of genus g > 0. One has deg(ω C ) = 2χ(ω C ) ≥ 0.
The above result has several 2-dimensional generalizations. For an irregular minimal surface S of general type (with ADE singularities), χ(ω S ) > 0. One has the Noether, Castelnuovo and Severi inequalities for irregular surfaces proved respectively by Bombieri [6] , Horikawa [21] and Pardini [34] . Namely,
(1) Noether inequality: K 2 S ≥ 2χ(ω S ) if S is irregular (see [6] ); (2) Castelnuovo inequality: K 2 S ≥ 3χ(ω S ) if the Albanese fiber is not hyperelliptic of genus 2 or 3 (see [21] ); (3) Severi inequality: K 2 S ≥ 4χ(ω S ) if S is of maximal Albanese dimension (See [35, 34] ). The above results concern the geography of irregular surfaces (of Albanese fiber dimension ≤ 1) and they have played a very important role in the surface theory. Also, in the recent work of Lu [30, 31] and Lopes-Pardini [29] , results of such type have been applied to study the hyperbolicity of irregular surfaces.
Having seen the importance of such results, as a natural question, one can ask non-smoothness. For example, when X is smooth and minimal, it is proved in [7] that K 3 X ≥ 2 3 (2p g (X) − 5). From this, Chen and Hacon [14] have proved that a = Theorem 1.5. Let X be an irregular minimal Gorenstein 3-fold of general type with Albanese dimension one. Let f : X → Y be the induced Albanese fibration with a smooth general fiber F . Then K 3 X ≥ 2χ(ω X ) unless one of the following holds:
• p g (F ) = 2 and K χ(ω X ).
• p g (F ) = 3 and K 2 F = 2. In this case, K 3 X ≥ 12 7 χ(ω X ). If K 2 F ≥ 12, then K 3 X ≥ 3χ(ω X ). Recall that in the surface case, we have K 2 S ≥ 3χ(ω S ) if the Albanese fiber is nonhyperelliptic. Here, we also study the irregular 3-folds whose Albanese fiber has no hyperelliptic pencil. We have the following result. Theorem 1.6. Notations as in Theorem 1.5. Suppose F has no hyperelliptic pencil. Then
Remark 1.7. The geography of non-Gorenstein 3-folds of general type is a very subtle topic. In particular, χ(ω X ) can be zero or even negative. For example, there do exist examples of non-Gorenstein 3-folds of maximal Albanese dimension with χ(ω X ) = 0 (see [15] ). In [11] , Chen and Hacon have constructed a family of non-Gorenstein 3-folds of general type with χ(ω X ) negative. In their paper, they obtained a similar type of inequality K 3 X ≥ cχ(ω X ) but c < 0. One can also construct families of non-Gorenstein 3-folds of general type with Albanese dimension two and χ(ω X ) < 0 (see Example 6.3) . In these cases, Theorem 1.3 holds trivially. We would like to point out that in [9] , Chen and Chen have proved that there exists an explicit effective lower bound for Vol(X).
Let us sketch the proofs of the above theorems. If X has Albanese dimension two, Pardini's method [34] onétale covering and limiting can be applied here, provided one has a good slope inequality for fibered 3-folds over surfaces, which is not known yet. In this paper, to overcome this difficulty, we prove the relative Noether inequalities such as Theorem 5.2, 5.3, and 5.4 for fibered 3-folds over surfaces. These inequalities are about K 3 X and h 0 (K X ) up to some explicit error terms. Then by the generic vanishing theorem due to Green and Lazarsfeld [17] , we know that χ(ω X ) is bounded from above by h 0 (K X ) up toétale covering. Finally, by Pardini's limiting trick, we can prove Theorem 1.3.
If the Albanese dimension of X is one, we still have theétale covering method by Bombieri and Horikawa [6, 20] . But the generic vanishing does not help in this case. Alternatively, we will prove the following relative Noether inequalities, Theorem 7.1 and 8.1, for fibered 3-folds over curves. They will imply Theorem 1.5 and 1.6 via the above covering method if the volume of the Albanese fiber ≥ 4. Note that the slope inequality for fibered 3-folds over curves has been studied by Ohno [33] and Barja [1] . Finally, we will prove case by case when the volume of the Albanese fiber ≤ 3.
This paper is organized as follows: In Section 3, we prove several basic results for fibered 3-folds. In Section 4, we list several results about linear systems on algebraic surfaces. In Section 5, we prove the relative Noether inequalities for fibered 3-folds over surfaces. In Section 6, we will prove Theorem 1.3. In Section 7 and 8, we consider the case of Albanese dimension one and prove Theorem 1.5 and 1.6.
After finishing the paper, the author was told by Jungkai Chen that in a very recent paper [8] joint with Meng Chen, they proved that
still holds in the Gorenstein case. In another very recent paper, Hu [23] showed that K 3 X ≥ 4 3 χ(ω X ) − 2 in this case. Also, the author has been informed by Miguel Barja that in [2, Remark 4.6], the first inequality of Theorem 1.3 is also independently proved by him using a different method.
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Notations
The following notations will be frequently used in this paper: Let X be a projective variety and L be a line bundle on X such that h 0 (L) ≥ 2. We denote by φ L : X P h 0 (L)−1 the rational map induced by the complete linear series |L|. We say that φ L is generically finite, if dim φ L (X) = dim X. Otherwise, we say |L| is composed with a pencil.
A Q-Weil divisor D on a variety X of dimension n is called pseudoeffective, if for any nef line bundles A 1 , · · · , A n−1 on X, we have
Such divisors can be characterized as the limit of effective divisors.
Let α : X → A be a morphism from X to an abelian variety A. Denote by µ d : A → A the multiplicative map of A by d. We have the following diagram:
A is the fiber product. We call X d the d-th lifting of X by α. In particular, if α is the Albanese map of X, then we call X d the d-th Albanese lifting of X. This construction has been used by Pardini in [34] .
In this paper, a fibration f : X → Y always means a surjective morphism with connected fibers.
Preliminaries
Let X be a projective n-fold. Here we assume that n = 2, 3. Let f : X → Y be a fibration from X to a smooth projective curve Y with a smooth general fiber F . Then for any nef line bundle L on X, we can find a unique integer e L such that
• L − e L F is not nef;
• L − eF is nef for any integer e < e L . We call this number the minimum of L with respect to F . In particular, 
with the following properties:
(
is a composition of blow-ups of X i such that the proper transform of the movable part of |L i − a i F i | is base point free. Here
and a i = e L i is the minimum of L i with respect to F i . Moreover, we have the decomposition
Proof. See [42, §2] . 
This fact will be used in the proofs of Theorem 7.1 and 8.1.
where P i = ρ * i P . It is easy to see that we have
Proposition 3.3. For any j = 0, · · · , N, we have the following numerical inequalities:
Proof. In [42, §2] , (1) is proved. We sketch it here. By the following exact sequence
By induction and summing over i = 0, · · · , j, we can get (1).
, we have the following computation of 1-cycles:
+F i+1 are both nef. Taking intersections with P i+1 for both sides, we can get
Note that we also have
We can refine the first inequality of Proposition 3.3 as follows.
be the restriction map. Denote by r the dimension of its image. Then for any j = 1, · · · , N, we have
Following the same strategy of the proof of Proposition, one can see that in order to prove the inequality here, we only need to show that
In fact, the result holds if a 0 = 1. If a 0 > 1, by the following exact sequence
we know that
Therefore, we can finish the proof by induction.
We also have the following lemma.
Lemma 3.5. Under the above setting, for n = 2, 3, we have
Proof.
We have the following numerical equivalence on X N :
Combining with
the proof is finished.
Linear series on algebraic surfaces
In this section, we recall some basic results about linear series on algebraic surfaces. These results will be used to compare the number r i and d i . They will also serve as the first step of the induction process.
In this section, we always use the following assumptions:
(1) S is a smooth algebraic surface of general type with the smooth minimal model σ :
We have the following Noether type results.
Proof. To prove this result, we can assume that h 0 (M) ≥ 2. If |M| is not composed with a pencil, from a result in [36, Theorem 2], we know that
If |M| is composed with a pencil, we can write
Here C is a general member of the pencil, r ≥ h 0 (M) − 1 and Z is the fixed part of |M|. Because φ L is generically finite, h 0 (L| C ) ≥ 2. It implies that LC ≥ 2 since S is of general type. We get
Hence we prove the theorem.
The above theorem is also used in [38] . 
If |L| is composed with a pencil, then
except for the case when K 2 S ′ = 1, p g (S) = 2 and q(S) = 0. We refer to [1] for more of the above type. We have a better Castelnuovo type bound under some extra conditions. Theorem 4.3. Assume that S has no hyperelliptic pencil and that φ L is generically finite. Then
Proof. We can assume that h 0 (M) ≥ 3. If φ M is generically finite, then by the Castelnuovo type inequality (c.f. [4, Théorème 5.5]),
If not, we can still write M ∼ num rC + Z as before. Note that C is not hyperelliptic. Hence LC ≥ 3. It gives
It ends the proof.
Theorem 4.4. Assume that S has no hyperelliptic pencil. If |L| is composed with a pencil, then
except for the case when K 2 S ′ = 2, p g (S) = 2 and q(S) = 0. If |L| is not composed with a pencil and h
Proof. If |L| is composed with a pencil, we can write
where Z ≥ 0 is the fixed part, C is a general member of the pencil and
, by the Hodge index theorem and the Castelnuovo inequalities from both [4, Théorème 5.5] and Theorem 4.3, we have
It implies that
We also give the following numerical result when S has a free pencil.
Theorem 4.5. Suppose that S has a free hyperelliptic pencil of genus g ≥ 6. Then
Proof. Denote by C a general member of this pencil. Up to birational transformation, we can assume that |L| is base point free. In particular, LC ≤ 2g − 2 should be an even number.
If LC ≥ 6, by [41, Theorem 1.1], one has 
Here d i = 2g − 2 ≥ 10 for all i and r i ≤ h 0 (L| C ) ≤ 3 by the Clifford's inequality. It follows that
It finishes the proof.
Relative Noether inequalities
In this section, we will prove several relative Noether inequalities. The relative Noether inequality in [42] studies linear series on fibered varieties over curves, while the relative Noether inequalities in this section are devoted to studying fibered varieties whose fibers are curves.
Assumption 5.1. Throughout this section, we assume that:
• X is a Gorenstein minimal projective 3-fold of general type;
• f : X → Y is a fibration of curves of genus g from X to a normal projective surface Y ; • L is a nef and big line bundle on Y such that |L| is base point free.
where each H i is an irreducible and reduced horizontal divisor (H i and H j might be the same) and V is the vertical part. Note that we have I 0 ≤ 2g − 2. Since B| H i is big on H i , we can find an integer k > 0 such that (kB − K X )| H i is pseudo-effective for each i. Also we can assume that kB − V is pseudo-effective by increasing k. 
Proof. To prove this result, one can assume that h 0 (K X ) > 0. Choose two very general members in |B| and denote by σ : X 0 → X the blow-up of their intersection. Let F be its proper transform. Then we get a fibration
and B 0 = σ * B. Now, apply Theorem 3.1 to X 0 , L 0 , P 0 and also use the notations in Proposition 3.3. We can get
To compare r i and d i , note that P 0 | F = K F . By Theorem 4.2, we know that
By Lemma 3.5, we have
Combine the above inequalities and we get
On the other hand, note that kB − V and (kB − K X )| H i are pseudoeffective. We can get
As a result, we have
Therefore,
Theorem 5.3. Still under Assumption 5.1. Suppose that X has no hyperelliptic pencil. Then one has
Proof. It is very similar to the previous proof. We sketch it here. Under the same setting as in the proof of Theorem 5.2, we still have
Here, since F has no hyperelliptic pencil, by Theorem 4.4, we have
Combine with Lemma 3.5. It gives
It finishes the proof. 
Proof. Here we simply follow the proof of Theorem 8.1. The only difference is that in this case, F has a free of genus g induced by f . By Theorem 4.5, we have
Follow the proof of Theorem 8.1 almost verbatim. We can get
We leave the detailed proof to the interested readers.
Proof of Theorem 1.3
In this section, we will prove Theorem 1.3. Note that the strategy here has been used by Pardini [34] in the proof of Severi inequality for surfaces.
We first state a theorem that has been used in [42] . 
Proof. Since the Albanese lifting isétale, X d is also minimal. Furthermore, X d has only terminal singularities, which are rational. Hence it suffices to assume that X is smooth. In this case, the result is just [42, Theorem 4.1] . Also see [19, Remark 1.4] for the generic vanishing theorem for singular varieties with rational singularities in characteristic 0.
Go back to the 3-fold case. Now assume that X has Albanese dimension two. Let X d be the d-th Albanese lifting of X. We have the following diagram:
By Theorem 6.1, it follows that
Note that in order to prove Theorem 1.3, we can assume that χ(ω X ) > 0. Thus one can find an integer d > 0 such that h 0 (K X d ) > 0. Also note that Theorem 1.3 is true up toétale covers. Without loss of generality, let us assume that h
be the Stein factorization of α (resp. α d ). Let H be a sufficiently ample line bundle on A and
Resume the notations in previous section. We can write
By pulling back from X to X d , one can check that
V are both pseudo-effective. Apply the above numerical equivalence and we get (kd
Let d → ∞. We can prove that K When the Albanese fiber is hyperelliptic of genus g ≥ 6, using the same approach as above and by Theorem 5.4, we can prove
Let d → ∞ and we will have K 3 X ≥ 6χ(ω X ). Now we consider the case when the Albanese fiber is not hyperelliptic. Note that |L d | is base point free on Y d . Hence by the above numerical equivalence, we have
. Therefore, up toétale covers, we can assume that h 0 (K X ) > h 0 (B 0 ). In particular, it implies that the Albanese fibration factors through the canonical map of X.
We claim that X can not have hyperelliptic pencils. Otherwise, suppose there is a hyperelliptic pencil on X. We would have the following two possibilities: either this pencil is contracted by φ K X or not. If it is contracted by φ K X , it would also be contracted by the Albanese map, which is impossible since the Albanese pencil is nonhyperelliptic. The second case is still impossible because if this pencil is not contracted by φ K X , then its image under φ K X is a P 1 pencil. Since the Albanese image of X can not have any P 1 pencil, by the factorization of the Albanese map, this pencil has to be contracted by the Albanese map. It contradicts with our assumption again. Similar to the above claim, we can prove that X d has no hyperelliptic pencil. Thus by Theorem 5.3, we have
Similar as before, we can get K 3 X ≥ 6χ(ω X ) by letting d → ∞. Remark 6.2. In fact, if X is Q-Gorenstein, the same approach still works. The only difference is that in this case K X is a Q-linear combination of prime divisors. This does not affect the whole proof. However, if X is Q-Gorenstein but not Gorenstein, χ(ω X ) might be negative. Example 6.3. Fix an elliptic curve E. Take two curves C i (i = 1, 2) with genus g i ≥ 2 and involutions τ i such that C 1 / τ 1 = E and C 2 / τ 2 = P 1 . Let the 3-fold X be the quotient of C 1 × C 1 × C 2 by the diagonal involution. Hence X is Q-Gorenstein but not Gorenstein. Let α : X → E × E × P 1 be the induced cover. Then
where L 1 and L 2 are determined by the branch locus of C 1 → E and C 2 → P 1 . It is easy to see that χ(O X ) > 0. Hence χ(ω X ) < 0. It is also easy to see that X has Albanese dimension two.
Proof of Theorem 1.5
In this section, we will prove Theorem 1.5. We have the following relative Noether inequality for fibered 3-folds.
Theorem 7.1. Let X be a Gorenstein minimal 3-fold of general type, Y a smooth curve and f : X → Y is a fibration with a smooth general fiber F . Then
except for the case when K 2 F = 1, p g (F ) = 2 and q(F ) = 0. Proof. We know in this case, ω X/Y is nef. Resume the notations in Theorem 3.1 and Proposition 3.3.
By Theorem 4.1, 4.2 and Remark 3.2, we can always get
except when r 0 = r 1 and
If we are not in the exceptional case, then
By Lemma 3.5,
Finally, let us consider the exceptional case. Recall that we have r 0 = r 1 and d 1 ≤ 2r 1 − 3. By Theorem 4.2, |L 1 | F 1 | defines a generically finite morphism. Thus from Theorem 4.1, we know that
On the other hand, |K F | is not base point free, thus K 
On the other hand, since L 1 comes from the movable part of |ω X/Y − a 0 F |, it implies that π 0 (L 1 ) ≤ π(M). In particular, it means that
We claim that Case (2) does not occur. Write
where |V | is the movable part of |K F | and Z ≥ 0. Since r 1 = r 0 , we see that π 0 (L 1 )| F = V and so
, it means that K F Z > 0 and Z > 0. By the 2-connectedness of the canonical divisor, we have V Z ≥ 2. Note that V 2 ≥ 2r 0 − 4. It implies that
i.e., K F Z = 0 and
Remark 7.2. Recall in [41] that if f : S → C is a relative minimal fibered surface of genus g ≥ 2. One has
Theorem 7.1 is a natural generalization of the above result. Moreover, based on several results about linear series on surfaces in positive characteristic (c.f. [26, 27] ), our method can be also used study the fibered 3-folds in positive characteristic.
It is also interesting to compare Theorem 7.1 with the slope inequalities proved by Ohno [33] and Barja [1] for fibered 3-folds over curves. In their papers, Xiao's method on the Harder-Narasimhan filtration [39] plays a very important role and it works only in characteristic zero.
By the same technique, we can also show the following Noether type inequality for fibered 3-folds over curves in order for independent interests.
Theorem 7.3. Let X be a Gorenstein and minimal fibered 3-fold of general type fibered over a smooth curve Y with a smooth general fiber F . Then
Proof. We only need to replace ω X/Y in the proof of Theorem 7.1 by K X .
From now on, we assume that f : X → Y is the induced fibration by the Albanese map from X to a projective curve Y with a smooth general fiber F . One has g(Y ) = h 1 (O X ). We put the following remark before the proof.
Remark 7.4. Suppose we can prove that
where a F and b F only depend on the numerical invariants of F . Then we can get K 3 X ≥ a F χ(ω X ). This philosophy has been applied by Bombieri and Horikawa in [6, 20] and also [41] . In fact, since g(
. The conclusion will follow after we let d → ∞. This remark will also be used in the next section.
Proof. In this situation, p g (X) = 0. From the nefness of ω X/Y , we get ω
Proof. From Theorem 7.1, we get
On the other hand, by [24, 25] , f * ω X/Y and R 1 f * ω X/Y are both semipositive. Following from [33, Lemma 2.4, 2.5], we have
By applying Remark 7.4, to prove the conclusion, it suffices to prove that
It is easy to see that this inequality follows from the classical Noether inequality, since
From the above proposition, we see that Theorem 1.5 holds if K 2 F ≥ 4. In the following, we will consider the case when K 2 F ≤ 3. Proposition 7.7. We have
in the following two cases:
Proof. We first prove that
Suppose we have proven the above result. As before, we still have
Hence we have the relative canonical map φ ω X/Y . Note that p g (F ) ≤ 3 and we have
Thus h 0 (ω X/Y (−F )) > 0 and it implies that f factors through φ ω X/Y . Choose a blow-up π : X ′ → X such that the movable part |M| of |π * ω X/Y | is base point free. Write F ′ = π * F and S as a general member of |M|.
If dim φ ω X/Y (X) = 2, denote by C ′ a general member of the induced pencil by φ M . Then M| S is a free pencil and
On the other hand, since f factors through φ ω X/Y , we can find a general
Note that g(C) ≥ 2 and K 2 F ≥ 2, by the Hodge index theorem, we can get
In fact, the above method has been applied by Chen [12] for the study of the canonical linear system. Here we use this method for the relative canonical linear system.
Proof. In this case, h 1 (O F ) = 0 and χ(O F ) = 4. Apply the same method as in Proposition 7.7. We can still get
. Then the result follows from Remark 7.4. Remark 7.9. In fact, from the above inequalities, we can also get
Proof. By a very recent result of Hu (c.f. [23] ), we know that in this case,
Therefore, the result follows from Remark 7.4.
In this case, we know that p g (X) > 0. First, let us assume that p g (X) ≥ 2. Then the canonical maps of X will factor through f . So we can write K X ∼ num rF + Z, where r ≥ p g (X) and Z ≥ 0. It follows that
. The only missing case is when p g (X) = 1 and h 1 (O X ) = 1. In this case, χ(ω X ) = 1 and g(Y ) = 1. Now let µ : Y → Y be any nontriviaĺ etale map and
If not, we are just in one of the first two cases and
In any situation, it will imply that K Proof. Here we prove this result by studying the linear system |2K X |.
Since p g (F ) = 1 and
and |2K F | is base point free (see [16] ). Hence φ 2K F is a generically finite morphism of degree 4.
As before, we choose a blow-up π : X ′ → X such that the movable part |M| of |π * (2K X )| is base point free. Note that by the plurigenus formula of Reid,
Consider the following restriction map:
Denote by r the dimension of its image. So 1 ≤ r ≤ 3. If r = 1, then φ M (X ′ ) is a curve and φ M factors through the fibration X ′ → Y . In this case,
i.e., K 3 ≥ 2χ(ω X ). If r = 2, write L 0 = M and P = π * (2K X ). Resume the notations in Theorem 3.1 and Proposition 3.3. Similar to Theorem 7.1, we have
. Also, by Proposition 3.4, the above inequality still holds if we change r 0 by r.
We claim that d 0 = 4 in this case. In fact, we know that 
Therefore, we have
Thus φ M is generically finite of degree 4. Choose a general member S ∈ |M|. We have
As a result, if r ≥ 2, we always have
Apply the plurigenus formula and Remark 7.4 to the above two cases. We can finish the whole proof. Now the proof of Theorem 1.5 is straightforward.
Proof of Theorem 1.5. From Proposition 7.6, we know that
, by Noether inequality, p g (F ) ≤ 3. In this case, the result just comes from Proposition 7.5, 7.7, 7.8, 7.10, 7.11, 7.12.
8. Proof of Theorem 1.6
In this section, we give the proof of Theorem 1.6. We first give a better version of the relative Noether inequality for fibered 3-folds over curves.
Theorem 8.1. Let X be a Gorenstein minimal 3-fold of general type, Y a smooth curve and f : X → Y is a fibration with a smooth general fiber F . Suppose that F has no hyperelliptic pencil and
Proof. Still resume the notations in Theorem 3.1 and Proposition 3.3.
By the Castelnuovo inequality, we can always get
Recall that by Remark 3.2, r 0 ≥ r 1 > · · · > r N . We will prove in Lemma 8.2 that if r 0 > r 1 , then
Assume the above result for now. It follows that
Now we assume that r 0 = r 1 . It implies that |K F | has base locus by Remark 3.2. Hence by the Castelnuovo inequality,
We have three exceptional cases.
We claim we still have
This claim is true for i ≥ 2 by Lemma 8.2. We only need prove it for i = 1.
If |K F | is composed with a pencil, by Theorem 4.4, we have
Hence the claim holds. If φ K F is generically finite, then by Theorem 4.3,
Therefore, by the Hodge index theorem,
By our assumptions on K As is said before, we need to show the following lemma. Proof. The lemma holds if It contradicts with Theorem 4.4.
From now on, we assume that X is an irregular minimal Gorenstein 3-fold of general type, f : X → Y is the fibration over a smooth curve Y induced by the Albanese map, and F is a smooth general fiber. Proof. The proof is similar to Proposition 7.6. We sketch it here. From Theorem 8.1, we get
.
We still have
To prove the conclusion, by applying Remark 7.4, it suffices to prove that K The same as Theorem 1.5, one might guess that K 2 F ≥ 3 will "almost" imply that K 3 X ≥ 3χ(ω X ). But it could be probably optimistic. Anyway, it is true when p g (F ) = 0 by Proposition 7.5. It is also true when p g (F ) = 1. Proof. The proof is very similar to Proposition 7.11. We omit it here.
